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Abstract. Recently, Bruinier and Ono classified cusp forms f(z) := X)^=o a f ( n )l n 
S x+ 1 (Fo(iV), x) H Z[[(j]] that does not satisfy a certain distribution property for modulo 
odd primes p. In this paper, using Rankin-Cohen Bracket, we extend this result to 
modular forms of half integral weight for primes p > 5. As applications of our main 
theorem we derive distribution properties, for modulo primes p > 5, of traces of singular 
moduli and Hurwitz class number. We also study an analogue of Newman's conjecture 
for overpartitions. 



l. Introduction and Results 

Let M x+ i(To(N),x) and S x+ i(T (N),x) be the spaces, respectively, of modular forms 
and cusp forms of weight A + | on Tq(N) with a Dirichlet character x whose conductor 
^ '■ divides N. If f(z) G M x+ i (T (N), x), then f(z) has the form 

n=0 

o : 

^ where q := e . It is well-known that the coefficients of / are related to interesting 



>< 



objects in number theory such as the special values of L-function, class number, traces of 
singular moduli and so on. In this paper, we study congruence properties of the Fourier 
coefficients of f(z) e M x+ i(T Q (N),x) H %[[q]] and their applications. 

Recently, Bruinier and Ono proved in [3] that g{z) E S x+ i(T (N),x) H %[[q}} has a 
special form (see (I2.ip ) by modulo p when p is an odd prime and the coefficients of f(z) 
do not satisfy the following property for p: 

Property A. If M is a positive integer, we say that a sequence a(n) 6 Z satisfies Property 
A for M if for every integer r 



tt{ 1 < n < X | a(n) = r (mod M) and gcd(M, n) = 1} 
£g> ifr^O (mod M), 
ifr = (mod M). 
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Let 



1 d °° 
n=l 

Using Rankin-Cohen Bracket (see ( 12. 3ft ). we prove that there exists 

f{z) e S x+p+lH (T (AN), x )nz[[q]] 

such that 6(f(z)) = f(z) (mod p). We extend the results in [3j to modular forms of half 
integral weight. 

Theorem 1. Let X be a non-negative integer. We assume that f(z) = ~Y^ =Q Q>{n)q n G 
M x+ i(To(4N),x) H Z[[g]], where x is a real Dirichlet character. If p > 5 is a prime and 
there exists a positive integer n for which gcd(a(n),p) = 1 and gcd(n, p) = 1, then at least 
one of the following is true: 

(1) The coefficients of 8 p ~ 1 (f(z)) satisfies Property A for p. 

(2) There are finitely many square-free integers n lt 712, • • • ,n t for which 

t 00 

(1.1) O p -\f{z)) = Y,Y1 a ( n i m2 )<l nrm2 (mod P)- 

i=l m=0 

Moreover, if gcd(4N, p) = 1 and an odd prime i divides some Ui, then 

p\(£-l)£(£ + l)N or£\N. 
Remark 1.1. Note that for every odd prime p > 5, 

e p -\f{z))^Y,< n ^ n ( mod p)- 

n>0 
p\n 

As an applications of Theorem [TJ we study the distribution of traces of singular moduli 
modulo primes p > 5. Let j(z) be the usual j-invariant function. We denote by the 
set of positive definite binary quadratic forms 

F(x, y) = ax 2 + bxy + cy 2 = [a, b, c] 

with discriminant —d = b 2 — 4ac. For each F(x, y), let «p be the unique complex number 
in the complex upper half plane, which is a root of F(x, 1). We define up G {1, 2, 3} as 

{2 if F ~r K 0, o], 
3 if F ~r [a, a, a], 
1 otherwise, 

where T := SX 2 (Z). Here, F ~r [a, b, c] denotes that F(x,y) is equivalent to [a,b,c\. 
From these notations, we define the Hecke trace of singular moduli. 
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Definition 1.2. If m > 1, then we define the mth Hecke trace of the singular moduli of 
discriminant —d as 

3m(ot F ) 



t m (d) := ^ 



F£F d /T 



where Fd/T denotes a set of T— equivalence classes of Fa and 



3m{z) ■= j(z)\T (m) = ■ 



d\m b=0 
ad—m 

Here, To(ra) denotes the normalized mth weight zero Hecke operator. 
Note that t\{d) = t(d), where 

t{d):= j2 ^~ 7U 

Fe. 

is the usual trace of singular moduli. Let 



Up 

FeFjr 



h(z) ._r,(z? E l{ i,) 



r](2z) r](4:z) 6 

and B m (l,d) denote the coefficient of q d in h(z)\T(m 2 , l,Xo), where 

oo oo 

E 4 (z) := 1 + 240 J2 E ^) ■= U (1 - <f) , 

n=l d\n n=l 

and Xo is a trivial character. Here, T(m 2 , A, x) denotes the mth Hecke operator of weight 
A + \ with a Dirichlet chracter \ ( see VI. §3. in [5j or (12.51) ). Zagier proved in [TT] that 
for all m and d 

(1.2) t m (d) = -S m (l,d). 

Using these generating functions, Ahlgren and Ono studied the divisibility properties 
of traces and Hecke traces of singular moduli in terms of the factorization of primes in 
imaginary quadratic fields (see [2]). For example, they proved that a positive proportion 
of the primes I has the property that t m (£ 3 n) = (mod p s ) for every positive integer n 
coprime to t such that p is inert or ramified in Q (■\/—n£). Here, p is an odd prime, and 
s and m are integers with p \ m. In the following theorem, we give the distribution of 
traces and Hecke traces of singular moduli modulo primes p. 
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Theorem 2. Suppose that p > 5 is a prime such that p = 2 (mod 3). 
(1) Then, for every integer r, p\r, 

, m [ A ifr^Q (modp) 

tt{l<™<^l*iH^ (modp)}» r , p <| ^ , n / 

A if r = (mod p). 



(^J TTien, a positive proportion of the primes t has the property that 

X if r = (mod p) . 



i if r ^ (mod p) 

(1{ 1 < n < X | fc(n) = r (mod p)} > r , p <^ logX 



for every integer r, p\r. 

As another application we study the distribution of Hurwitz class number modulo 
primes p > 5. The Hurwitz class number H(—N) is defined as follows: the class number 
of quadratic forms of the discriminant —N where each class C is counted with multiplicity 
Au ]( C ^ ■ The following theorem gives the distribution of Hurwitz class number modulo 
primes p > 5. 

Theorem 3. Suppose that p > 5 is a prime. Then, for every integer r 

»{ 1 < n < X | H(n) = r (mod p)} > r , p ( ^ ^ ^ ° (m ° d P) ' 

I I if r = (modp). 

We also use the main theorem to study an analogue of Newman's conjecture for overpar- 
titions. Newman's conjecture concerns the distribution of the ordinary partition function 
modulo primes p. 

Newman's Conjecture. Let P(n) be an ordinary partition function. If M is a positive 
integer, then for every integer r there are infinitely many nonnegative integer n for which 
P(n) ee r (mod M). 

This conjecture was already studied by many mathematicians (see Chapter 5. in [8]). 
The overpartition of a natural number n is a partition of n in which the first occurrence 
of a number may be overlined. Let P(n) be the number of the overpartition of an integer 
n. As an analogue of Newman's conjecture, the following theorem gives a distribution 
property of P(n) modulo odd primes p. 

Theorem 4. Suppose that p > 5 is a prime such that p ee 2 (mod 3). Then, for every 
integer r, 

${l<n<X\P{n)=r (mod p)} » r J ^ ' /r ^° (modp) ' 

I X if r ee (modp). 

Remark 1.3. When r ee (mod p), Theorem (2], [3] and H] were proved in [2] and [TO] . 
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Next sections are detailed proofs of theorems: Section 2 gives a proof of Theorem [TJ In 
Section 3, we give the proofs of Theorem [21 [3j and|U 

2. Proof of Theorem [TJ 

We begin by stating the following theorem proved in [3]. 

Theorem 2.1 (|3j). Let X be a non-negative integer. Suppose that g(z) = Y^ C ^=o a g( n ) ( f 1 ' ^ 
S x+ i (r (4iV), x) H Z[[g]], where x is a real Dirichlet character. If p is an odd prime and 
a positive integer n exists for which gcd(a g (n) , p) = 1, then at least one of the following 
is true: 

(1) IfO<r<p, then 

jS? ifr^O (modp), 



(j{ 1 < n < X | a g {n) = r (mod p)} ^> r ,M 



logX 

X if r = (mod p). 



(2) There are finitely many square-free integers n\, n 2 , • • • ,n t for which 

t oo 

(2.1) g{z) = CL g (n im 2 )q n > m2 (mod p). 

i=l m=0 

Moreover, if gcd(p, AN) = 1, e G {±1}, and £ \ ANp is a prime with (jf) G {0, e} 
for 1 < % < t, then {I — l)g(z) is an eigenform modulo p of the half-integral weight 
Hecke operator T(£ 2 ,X,x)- In particular, we have 

(2.2) (£-l) g ( z )\T(f,X,x)=e X (p)ft^j (l> + l^i) (£ - l)g( z ) (modp). 

Recall that f(z) = J^^o^ 71 )^ e M x+ i{T (AN),x) n Z[[q]]. Thus, to apply Theorem 
12.11 we show that there exists a cusp form f(z) such that f(z) = 8 p ~ 1 (f(z)) (mod p) for 
a prime p > 5. 

Lemma 2.2. Suppose that p > 5 is a prime and 

f(z) = $>(n)g B G M x+h (T (N),x) nZ[[g]]. 

n=0 

Then, there exists a cusp form f(z) G S^^^^^i (T (N), x) H Z[[g]] snc/i £/iat 

/(*) = ^(/(z)) (modp). 
Proof of Lemma \KE For G M^(r (A^),Xi) and G(z) G M^(r (iV), x 2 ), let 

2 2 

(2.3) [F(z),G(z)}i := ^6(F(z)) ■ G(z) - ^F(z) ■ 0(G(*)). 

This operator is referred to as a Rankin-Cohen 1-bracket, and it was proved in [I] that 

[F{z),G(z)]i G S^ +2 (r (AO, XlX2X '), 



6 D. CHOI 

where X ' = 1 if f and f G Z, = (=r)^ if I G Z and G 5 + Z > and 

X'(d)=(^)^if f andf G± + Z. 
For even > 4, let 

n=l d|n 

be the usual normalized Eisenstein series of weight k. Here, the number denotes the 
fcth Bernoulli number. The function Ef-(z) is a modular form of weight k on ST^Z), and 

(2.4) = 1 (modp) 

(see 0). From Q and O, we have 

[E^Jiz^^eifiz)) (modp) 

and [Ep-i(z), f(z)]i G S' A+p+1+ i (r (iV), \)- Repeating this method p — 1 times, we com- 
plete the proof. □ 

Using the following lemma, we can deal with the divisibility of a g (n) for positive integers 
n,p\n, where g{z) = £~ =1 a g (n)q n G S x+ i(r (N), X ) H Z[[g]]. 

Lemma 2.3 (see Chapter 3 in |8J). Suppose that g(z) = Ylw=i a g( n ) ( l n e '^M-aC^dC^O; x) 
/ias coefficients in Ok, the algebraic integers of some number field K . Furthermore, 
suppose that A > 1 and that m C Ok is an ideal norm M . 

(1) Then, a positive proportion of the primes Q = — 1 (mod 4MN) has the property 
that 

g(z)\T(Q 2 ,\,x)=0 (modm). 

(2) Then a positive proportion of the primes Q = 1 (mod AMN) has the property that 

g(z)\T(Q 2 ,\, X )=2g(z) (mod m). 
We can now prove Theorem [TJ 

Proof of Theorem^ From Lemma 12. 2\ there exists a cusp form 

/O) G S x+(p+1)(p _ 1)+h (T (N),x) n Z[[g]] 

such that 

J(z) = P-\f{z)) (modp). 

Note that, for F{z) = E^ =0 a F (n)g" G M fc+ i (r (JV), x) and each prime Q \ N, the 

half-integral weight Hecke operator T(Q 2 , A, x) is defined as 

(2.5) 

F(z)\T(Q\k, X ) 

■= EZo (a F (Q 2 n) + X *(Q) (j) Q*~V(n) + X*(Q 2 )Q 2fc ~ V WQ 2 )) g n , 
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where X *(n) := X*(n) (^?) and a F (n/Q 2 ) = if Q 2 \ n. If F(z)\T(Q\ k, x) = 
(mod p) for a prime Q \ N, then we have 

a F (g 2 • Qn) + X *(Q) (^f) Q^apiQn) + X*(Q 2 )Q 2 *~V (Q n /Q 2 ) 



Q 

= a F (Q 3 n) = (mod p) 

for every positive integer n such that gcd((5,n) = 1. Thus, we have the following by 
Lemma Q(l): 

jj{ 1 < n < X | a(n) = (mod p) and gcd(p, n) = 1} ^> X. 

We apply Theorem 12. II with f(z). Then the purpose of the remaining part of the proof 
is to show the following: if gcd(p, AN) = 1, an odd prime i divides some rii, and 

t oo 

(2.6) d p -\f(z)) = Y,Y1 a(n im 2 )q n * m2 (mod p), 

i=l m=0 

then p\{£ — 1)£(£ + 1)N or £ \ N. We assume that there exists a prime £\ such that &i\n\, 
p\[l\ — X)£\{£\ + 1)N and £ \ N. We also assume that nt = 1 and that n« f ni for every 
i, 2 < i < t — 1. Then, we can take a prime ^ for each i, 2 < i < t — I, such that £j|rij 
and £i\n\. For convention, we define 

Jl\ _ J (_l)(«-l) 3 /8 if n i s dd, 

2/ | otherwise, 

and Xq(^) := f^J f° r a prime Q. Let ip(d) := n^X^t^)- We ^ a ^ e a P r i me such that 
ij)(n\)Xp{ n i) = ~ 1- K we denote the ^-twist of /(z) by /^(z) and the ^x^-twist of /(z) 

b y Uxe( z )i then 

UxfM) - Ux P ( z ) = 2 a(n im 2 )q nim2 (mod p) 

gcd(m,/9H> a ^)=l 

and /^(z) e ^A+(p+i)(p-i)+±(ro(^tt 2 /^ 2 ), x) H Z[[g]] (see Chapter 3 in [8]). Note that 

gcd(Na 2 [3 2 ,p) = gcd(iVa 2 /?Vi) = I. 

Thus, (fip(z) — f^ X0 (z))\T(£l, A + (p+ l)(p — 1), x) satisfies the formula ( 12. 2ft of Theorem 
12.11 for both of e = 1 and e = —1. This results in a contradiction since 

iU(z) - U Xfj {z))\T{£l A + (p+ l)(p - l),x) ^ (mod p) 

and p > 5. Thus, we complete the proof. □ 
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3. Proofs of Theorem El G2, and H 

3.1. Proof of Theorem [2]. Note that = is a meromorphic modular form. 

In [2] it was obtained a holomorphic modular form on To(4p 2 ) whose Fourier coefficients 
generate traces of singular moduli modulo p (see the formula ( 13.11) and ( 13. 21) ). Since the 
level of this modular form is not relatively prime to p, we need the following proposition. 

Proposition 3.1 ([I]). Suppose that p > 5 is a prime. Also, suppose that p \ N , j > 1 is 
an integer, and 

oo 

g(z) = j>(n)g» G S x+h (T (N^)) fl Z[[q]]. 

n=l 

Then, there exists a cusp form G(z) G S y+ i{T (N)) fl Z[[g]] such that 

G(z)=g(z) (modp), 
where X' + 5 = (A + 5)^' + p e (p — 1) for a sufficiently large e G N. 
Using Theorem [1] and Proposition 13. 1[ we give the proof of Theorem [2j 
Proof of Theorem^ Let 

(3.1) M*) : =M*)-(yW(*). 
where h Xp (z) is the Xp-twist of ft, (2). From (11.21) . we have 

ft 1)P (2) := -2 - ^ h{d)q d -2 £ ^(d)^ 

0<d=0,3 (mod 4) 0<d=0,3 (mod 4) 

and 

ftm, P (^) := /ii,p(z)|T(m 2 , l,Xo) 

= -2- ^ t m (d)q d -2 ^)/ 

0<d=0,3 (mod 4) 0<d=0,3 (mod 4) 

for every positive integer m. Let 

It was proved in [2] that if a is a sufficiently large positive integer, then hi tP (z)F p (z) a G 
Ma +fco (r (4p 2 )) and 

(3.2) h hp {z)F p {z) a = h 1>p (z) (modp), 
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where ko = a ■ Lemma 12.21 and Proposition 13.11 imply that there exists fi tP (z) G 



5 A , +1 (r (4)) n Z[[q}} such that 

f hp (z) = -2 Yl 



t m {d)q d (modp), 



0<d=0,3 (mod 4) 



where A' = (k + 1 + (p — l)(p + 1) + + p e (p — 1) for a sufficiently large e G N. 

We assume that the coefficients of f\, p {z) do not satisfy Property A for an odd prime 
p = 2 (mod 3). Note that (-p^J — ~ 1 an d that p \ (3— 1)3(3 + 1). So, Theorem [1] implies 
that 

2ti(3) = (modp). 

This results in a contradiction since 2ti(3) = 2 4 -31. Thus, we obtain a proof when m = 1. 
For every odd prime £, we have 

hM\T(t 2 , A', Xo) = e^\h hp (z))\T(f, A', xo) 

= 0P-\h^(z)\T^,l,x Q )) = &^\h t M) (modp). 

Moreover, Lemma 12.31 implies that a positive proportion of the primes t satisfies the 
property 



f 1 , p (z)\T(£ 2 ,X', X o) = 2f l!P (modp). 



This completes the proof. 



□ 



3.2. Proofs of Theorem [3l The following theorem gives the formula for the Hurwitz 
class number in terms of the Fourier coefficients of a modular form of half integral weight. 



Theorem 3.2. Let T(z) 



then 



r(n) 



1 + 2 J2^=i <?™ 2 ■ If integers r 3 (n) are defined as 

oo 

J2r 3 (n)q n :=T(z)\ 

n=0 

' 12#(-4n) if n = 1,2 (mod 4), 

24#(-n) ifn = 3 (mod 8), 

r(n/4) if n = (mod 4), 

if n = 7 (mod 8). 



Note that T(z) is a half integral weight modular form of weight | on To (4). Combining 
Theorem [1] and Theorem 13.21 we derive the proof of Theorem [3j 

Proof of Theorem^ Let G(z) be the (-)-twist of T(z) 3 . Then, from Theorem 13.21 we 
have 

G(z) = 1 + 12H(-An)q n + ^ 24#(-n)g n 



n=l (mod 4) 



n=3 (mod 8) 
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and G(z) G Ms(r (16)). Note that 24ff(-3) = 8. This gives the complete proof by 
Theorem [TJ □ 

3.3. Proofs of Theorem HJ In the following, we prove Theorem HI 

Proof of Theorem^ Let 



??(z) 2 
It is known that 



W(z) = J2 p ( n )l n 



n=0 

and that W(z) is a weakly holomorphic modular form on To(16). Let 

G(z) := (W(z) - W Xp (z)^j F p (zf, 

2 

where F p (z) = ^^2^ and (3 are positive integers. Then we have 

G(z)=2 P{n)q n + ^P{n)q n (mod p). 

0<n 0<n 
( — )=-l P\ n 

We claim that there exists a positive integer f3 such that G(z) is a holomorphic modular 
form of half integral weight on To(16p 2 ). To prove our claim, we follow the arguments 
of Ahlgren and Ono ([TJ, Lemma 4.2). Note that, by a well-known criterion, F p (z) is a 
holomorphic modular form on To(4p 2 ) that vanishes at each cusp - G Q for which p 2 \ c 
(see [7j). This implies that G(z) is a weakly holomorphic modular form on To(16p 2 ). If f3 
is sufficiently large, then G(z) is holomorphic except at each cusp ^7 for which p 2 \d ' . 

Thus, we prove that G(z) is holomorphic at -^-^ for < m < 3. Let, for odd d, 



lifd=l (mod 4), 
i if d = 3 (mod 4). 

If /(z) is a function on the complex upper half plane, A G Z, and 7 = (J J) G r (4), then 
we define the usual slash operator by 

C \ 2X+1 -1-2A/ , M-X- 1 -^ aZ + b 



Let (7 := ^^=1 fpj e 2mv / p be the usual Gauss sum. Note that 



|Eg)^wi-i(n*) 



Choose an integer fc„ satisfying 

16^ = 15f (mod p). 
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Then, we have 



j t>\ / i g\ / i g\ / ]_ l6-» _|_ I6fc,j 



(3-3) I / L»_, , =7.,m 



where 



o i y \2> 2 l y ' m \2> 2 iy \o l 

/ x _ 2 m + 4 p( v + k v + 2 m v 2 p - 2 m vk vP ) l(15u - 16^ - 2 m+4 (t> 2 p + 
y 2 2m p 2 (-16vp + 16kvp) 2 m+4 vp - 2 m+4 k v p +1 J ' 

Note that W(z) has its only pole at z ~ up to r (16). Since "f v>m G r (16), the 
formula (I3.3P implies that W Xp (z) is holomorphic at 2 m p 2 for 1 < m < 3. Thus, Cr(z) is 
holomorphic at 2 m p 2 for 1 < m < 3. 
If m = 0, then we have 

Note that 

(3.4) iy(^)U,( p 1 2 ;)= a -g-^+0(l), 

where a is a nonzero complex number. The g-expansion of W Xp (z) at is given by 

(3-5) w Xp {z)\_ h (y x ). 

Using (13. 3p and (13.41) . the only term in (13. 5p with a negative exponent on q is the term 

p-i / \ 
-aq is ) - e *> v . 
P ^ VP/ 

If N is defined by 16 N = 1 (mod p) , then we have 



-ag is > - e p — ~ag 16 > - e p = — ag « = — ag 

P ~,\PJ P ^ W P VP 



16 



Thus, we have that 

(W(z)-W Xp (z))\_ l {y i )=0{l). 

This implies that G(z) is a holomorphic modular form of half integral weight on To(16p 2 ). 
Noting that 

P(3) = 8, 

the remaining part of the proof is similar to that in Theorem [3j Thus, it is omitted. □ 
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